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a b s t r a c t 

As a popular feature extraction algorithm, the 2D local preserving projections (2DLPP) algorithm has 

been successfully applied in many fields. Using 2D image representation, the 2DLPP algorithm preserves 

the manifold attributes and retains the local information of high-dimensional space data. However, the 

2DLPP algorithm may encounter some problems in real-world applications, such as a lack of discrimi- 

natory ability, singularity problems, and sensitivity to occlusion and noise in data. Therefore, this paper 

introduces low-rank into the 2DLPP algorithm and proposes a new feature extraction algorithm, which 

is the low-rank two-dimensional local discriminant graph embedding (LR-2DLDGE), to solve these prob- 

lems. To improve the LR-2DLDGE algorithm robustness, we fuse the discriminant information in graph 

embedding and the low-rank properties of the data. The algorithm has three advantages: First, the al- 

gorithm uses a graph embedding (GE) framework to maintain the local neighbourhood discrimination 

information between data. Second, the LR-2DLDGE algorithm ensures that the data points are as inde- 

pendent as possible from different classes in the feature space. Finally, the algorithm uses the L 1 -norm 

as a constraint and reduces the influence of noise and corruption through low-rank learning. The theo- 

retical computational complexity and convergence of the algorithm are explicated and proved. Extensive 

experimental results on three occluded and noisy image datasets confirm the effectively and robustness 

of LR-2DLDGE, respectively. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

In recent years, with the rapid development of information so- 

iety, multimedia image data has the characteristics of large scale, 

any classes, shorten production period, great value but low den- 

ity. How to analyze these data, mine the key variables of the 

ata, obtain the key knowledge hidden in the data, and extract 

ore effective features for image storage and retrieval is an im- 

ortant development direction of current data processing. At the 

ame time, large-scale multimedia image retrieval has broad mar- 

et and academic significance. Therefore, the “curse of dimension- 

lity” [1] problem has been a hot topic for many researchers. The 

ost commonly used method to overcome this problem is di- 

ension reduction. Proposed solutions include many linear fea- 

ure extraction algorithms, including nonpeaked discriminant anal- 

sis (NDA) [2] , local manifold-based sparse discriminant learning 

LMSDL) [3] , low-rank matrix regression (LMR) [4] , and low-rank 
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daptive graph embedding (LAGE) [5] , to solve the problems in fea- 

ure extraction. 

However, nonlinear data can be divided into non-Gaussian data 

nd manifold data in the real-world applications. Linear feature 

xtraction algorithms may not be able to discover the essential 

onlinear data structures. The maintenance of the local geomet- 

ic structure of non-Gauss and manifolds has been an important 

esearch field in the past ten years. We usually use local patches 

o process non-Gaussian data and local Euclidean observations to 

rocess curve manifold data [6] . 

Therefore, some representative nonlinear manifold learning 

echniques, such as Laplacian eigenmaps (LE) [7] , ISOMAP [8] , and 

ocally linear embedding (LLE) [9] , have been proposed to reveal 

idden semantics while maintaining the geometric structure of 

anifolds. However, the above nonlinear algorithms all have the 

ame problem: they are out of sample [10] . The graph embedding 

GE) framework [11] unifies most existing graph-based subspace 

earning algorithms to ensure that the relationship between ver- 

ices in the projected low and high-dimensional space is as simi- 

https://doi.org/10.1016/j.patcog.2022.109034
http://www.ScienceDirect.com
http://www.elsevier.com/locate/patcog
http://crossmark.crossref.org/dialog/?doi=10.1016/j.patcog.2022.109034&domain=pdf
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ar as possible. This framework emphasizes the importance of con- 

tructing a similarity matrix and proposes a new GE formula. 

Therefore, LE and LLE algorithms and their linearized versions, 

uch as locality preserving projections (LPP) [12,13] , neighbourhood 

reserving projections (NPP) [14,15] , and neighbourhood preserv- 

ng embedding (NPE) [16,17] , represent advanced ways to solve the 

ut-of-sample problem. 

Due to the singularity of the matrix in the generalized 

igen-equation, LPP and LDA encounter the small sample sizes 

SSS) problem [18] . The proposed 2D local preserving projections 

2DLPP) [19] is inspired by the direct action of 2DPCA and 2DLDA 

n a 2D image matrix and is used for linear feature extraction 

nd dimension reduction. However, 2DLPP is an unsupervised al- 

orithm, and some new supervised versions of 2DLPP have been 

lso proposed [20,21] . 

However, the 2DLPP may suffer from some problems, such as (i) 

t is an unsupervised learning algorithm without considering the 

lass information of training samples; (ii) it uses the L 2 -norm cri- 

erion to measure the similarity of projection data pairs, so it is 

ensitive to outliers; and (iii) it has singularity and cannot solve 

he eigenvalue problem. 

The 1D vector-based algorithms or the 2D matrix-based algo- 

ithms discussed above all use the L 2 -norm as a metric, and these 

lgorithms are very sensitive to noise or outliers. These problems 

ay reduce the performance of the algorithms and have a negative 

mpact on the key information. 

Compared with algorithms based on the L 2 -norm or L 1 -norm, 

ow-rank representation (LRR) [22] has good performance in re- 

overing a clean matrix from noisy data. Reference [23] used the 

uclear norm to represent reconstruction error and proposed a 

DPCA algorithm based on the nuclear norm (N-2DPCA) [23] to 

mprove image representation. The supervised low-rank discrim- 

nant algorithm is proposed in reference [24] , and robust PCA 

RPCA) is proposed to recover the noise data matrix in reference 

25] . However, in practical applications, most of the feature extrac- 

ion algorithms discussed above are easily affected by illumination, 

orrosion, and noise. 

In recent years, the robustness of many feature extraction algo- 

ithms based on LRR has attracted much attention [26–28] to noise 

ontaminated data. The LRR in reference [22] introduces the single 

ubspace clustering problem into multiple subspace clustering to 

aintain the lowest rank representation and the global structure 

f data. In reference [26] , robust PCA (RPCA) is proposed by intro- 

ucing the nuclear norm, which can recover the subspace structure 

rom noisy or occluded data. In reference [27] , Laplace regulariza- 

ion LRR is proposed, which uses a regularization term with man- 

fold structure in clustering data. The nonnegative low-rank sparse 

raph (NNLRS) [28] combines with the NNLRS-graph and LRR is 

roposed by introducing the low roughness to maintain the global 

tructure. 

According to these analyses, our goal is to learn a good optimal 

rojection matrix, which can simultaneously perform supervised 

eature selection and subspace clustering in this work. Motivated 

y [27] and [28] , we introduce the low-rank and discriminant 

aplace regularization constraint into NMF to utilize a seamless 

odel. Therefore, we propose a new feature extraction and dimen- 

ion reduction algorithm, named the low-rank two-dimensional lo- 

al discriminant graph embedding (LR-2DLDGE) algorithm, to over- 

ome the sensitivity of the 2DLPP algorithm in this paper. The al- 

orithm is implemented in two steps. First, the intraclass weighted 

atrix graph and the interclass weighted matrix graph are con- 

tructed to maintain the discriminant information of the local 

eighbourhood. Second, the given data are divided into two parts: 

) the low-rank feature coding part, and 2) the sparse noise er- 

or part. According to the identification ability of graph embedding 
m

2 
nd the sparsity of low- rank learning in the objective function, the 

eatures are kept to retain the optimal features. 

The main contributions of LR-2DLDGE method are summarized 

s follows: 

• It learns a low-rank matrix based on the graph embedding that 

can simultaneously perform subspace learning, graph Laplacian 

regularization, and low-rank learning in a unified strategy is 

proposed and an iterative solution to the convex optimization 

problem is provided; 
• It combines the graph embedding framework with the low-rank 

matrix, two intraclass and interclass weighted matrix graphs 

are proposed, which fully discover the manifold structural in- 

formation of the neighbourhood and improve the recognition 

ability in 2D images; 
• It proposes to ensure that the given data are divided into a low- 

rank feature coding part and a sparse noise error part to im- 

prove the recognition ability, which can weaken the influence 

of noise and occlusion when learning the optimal projection. 

The remaining sections of this article are as follows: The section 

 mainly introduces the related works, such as 2DLPP, LRR, and 

RMD-SI. In section Ⅲ , the model, convergence, and complexity 

nalysis of the LR-2DLDGE algorithm are introduced in detail. The 

esults of the FERET, ORL, COIL 100, AR, Yale, and PolyU databases 

how the effectiveness of the algorithm in section Ⅳ . Finally, sec- 

ion Ⅴ summarizes the whole work and discusses the future work. 

. Related works 

To facilitate the understanding of our proposed method, we 

ill cite some related work including GE learning, low-rank learn- 

ng and structurally incoherent learning, i.e., the 2DLPP, LRR, and 

DRLPP algorithms. 

First, the matrix A = [ a i j ] ∈ R m ×n is defined, and then A i or A . j is

sed to represent the i th or j th row of A , respectively. These vector 

orms are interpreted by the Frobenius norm ‖ A ‖ F = 

√ ∑ ‖ A i. ‖ 2 2 
, 

he L 1 norm ‖ A ‖ 1 = 

∑ 

i , j | a i j | , and the L 2,1 norm ‖ A ‖ 2 , 1 = 

∑ 

j ‖ A . j ‖ 2 , 
nd the nuclear norm ‖ A ‖ ∗ is interpreted as the sum of the singu- 

ar matrix. 

We consider N high-dimensional space samples X i = 

 X 1 , X 2 , · · · , X N } ∈ R m ×n into low-dimensional space fea-

ures Y i = { Y 1 , Y 2 , · · · , Y N } ∈ R d×n , P ∈ R m ×d is the projection matrix. 

Then, we can obtain the formula as follows: 

 i = P T X i , i = ( 1 , 2 , · · · , N ) (1) 

here n > d , m , n and d represent the size of matrix. 

In the real-world applications, there are a large number of non- 

inear data, including non Gaussian data and manifold data. GE 

ramework usually uses local patches to process non Gaussian data, 

nd local Euclidean observations to process curve manifold data, so 

s to ensure that the relationship between vertices in projection 

ow and high-dimensional space is as similar as possible, such as 

DLPP algorithm. 

We supposed that the graph G = { X, W } contains similarity ma- 

rix W ∈ R N×N and vertex set X , in which an image X i corresponds

o a node. The similarity matrix W in the algorithm is obtained 

y the k -neighbourhood or ε-neighbourhood, which has a uniform 

eight of Euclidean distance or Gaussian weight. The equation can 

e obtained as follows: 

 i j = 

{
1 , 

∥∥X i − X j 

∥∥2 
< ε 

0 , otherwise 
(2) 

Therefore, we can define the 2DLPP algorithm equation: 

in 

∑ 

i, j 

∥∥Y i − Y j 
∥∥2 

W i j (3) 
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here the symbol ‖ • ‖ represents the L 2 norm. In this paper, the 

inear transformation Y i = P T X i is replaced by Eq. (3) , and the mini-

ization problem of this equation can be transformed into the fol- 

owing equation through the matrix transformation step: 

rg min 

P 
P T X (L � I n ) X 

T P, 

 . t .P T X (D � I n ) X 

T P = 1 

(4) 

here � is defined as the Kronecker product matrix. I n is defined 

s an identity matrix of n . The diagonal matrix is D , and its entries

re the sum of rows or columns of W , and L = D − W . 

The generalized eigenvalue problem can be used to obtain the 

minimum optimal projection vectors of the objective function. 

 (L � I n ) X 

T P = λX (D � I n ) X 

T P (5)

LRR can obtain clean data to enhance the robustness to noise 

s well discloses the relationship of samples by low-rank struc- 

ure. Thus, exploring the low-rank subspace structures becomes a 

hallenging problem. As the linear combination of other samples, 

t represents the data vector to solve the subspace segmentation 

roblem. The linear combination matrix F can be represented by 

very column of X , for example: 

 = F Z, (6) 

here Z = [ Z 1 , Z 2 , . . . Z n ] is obtained b y the LRR algorithm which is

he coefficient matrix: 

in 

Z 
‖ 

Z ‖ ∗, s . t . X = F Z, (7) 

here ‖ · ‖ ∗ represents the nuclear norm. 

The damaged data can be represented by the noise term E, so 

e obtain Eq. (7) . 

in 

Z 
‖ 

Z ‖ ∗+ λ‖ 

E ‖ 2 , 1 , s . t . X = F Z + E, (8) 

here λ is an adjusted parameter and ‖ E‖ 2 , 1 = 

∑ n 
j=1 

√ ∑ m 

i =1 (E i j ) 
2 
. 

Recently, many dimensionality reduction algorithms using the 

 1 -norm as a distance criterion have been proposed [29–39] . Algo- 

ithms based on the L 1 -norm, such as L 1 principal component anal- 

sis ( L 1 -PCA) [29] and PCA- L 1 [30] , are solved by an optimization

roblem that reduces noise and outlier sensitivity in the data. The 

otation invariant L 1 -norm PCA (R1-PCA) [31] is proposed based on 

 1 -PCA, and it also shares some properties of PCA that L 1 -PCA does

ot have. A nongreedy algorithm is used to search the maximum 

rojection principal component of the L 1 -norm to solve the gen- 

ral L 1 -norm maximization problem [32] . Tensor PCA of the L 1 - 

orm (TPCA- L 1 ) [33] uses the L 1 -norm as the distance measure 

f tensor analysis. In reference [34] , an optimization algorithm is 

dvanced to compute the L 1 principal component by maximizing 

he L 1 energy in the projection space. An iterative algorithm for L 1 - 

orm difference problems using a greedy strategy is proposed in 

eference [35] . Reference [36] extended the PCA- L 1 algorithm to 

he 2DPCA (2DPCA- L 1 ) algorithm based on the L 1 -norm. To solve 

he outliers and corrosion in reference [37] , the 2DLPP algorithm 

ased on the PCA- L 1 algorithm (2DLPP- L 1 ) [38] is proposed. In ref-

rence [39] , 2DLPP based on the L 1 -norm (2D-DLPP- L 1 ) is proposed

o preserve the spatial topological structure more effectively. 

Robust two-dimensional locality preserving projection with reg- 

larization (2DRLPP) [21] combined 2DLPP and L 1 -norm to improve 

he recognition accuracy and discrimination ability of the learning 

asis matrix. The final function of the 2DRLPP algorithm is as fol- 

ows: 

min 

 

′ W = I 

m ∑ 

i, j 

∥∥Z i j P 
∥∥

1 W i j + σ‖ 

P ‖ 1 

.t. 
m ∑ 

i, j 

‖ 

X i P ‖ 1 D i = 1 , 

(9) 
3

here matrix ‖ . ‖ 1 is the L 1 -norm of the matrix and σ > 0 is the

egularization parameter. In Eq. (9) , the first term represents the 

ocal manifold structure of the image matrix space, while the sec- 

nd term represents an L 1 -norm regularization term. 

Many optimization algorithms can be used to solve the above 

ethods. The Dwarf Mongoose Optimization (DMO) [40] algorithm 

imics the foraging behavior of the Dwarf Mongoose to solve the 

ptimization problems. By the Aquila’s behaviors, in nature during 

he process of catching the prey Aquila Optimizer (AO) [41] algo- 

ithm proposes the meta-heuristic optimization algorithm. By the 

unting behaviour of Crocodiles, Reptile Search Algorithm (RSA) 

42] algorithm advances the nature-inspired meta-heuristic opti- 

izer. To address the effectiveness of this disease transmission 

trategy, Ebola Optimization Search Algorithm (EOSA) [43] algo- 

ithm presents a novel metaheuristic algorithm. Arithmetic Opti- 

ization Algorithm (AOA) [44] algorithm utilizes the distribution 

ehavior of arithmetic operators in mathematics, which is a new 

eta-heuristic method. Applications, Deployments, and Integration 

f Internet of Drones (IoD) [45] algorithm is a new comprehen- 

ive survey of IoD and its applications, deployments, and integra- 

ion methods. 

2DRLPP does not consider the noise of data, and it is also an 

nsupervised method. Therefore, how to remove the noise of data 

nd obtain relatively clean data, while adding identification infor- 

ation is also the focus of our work. 

. Low-rank 2D local discriminant graph embedding 

First, the objective function of the LR-2DLDGE algorithm is 

iven, and its solution is optimized. Then, the convergence and 

omplexity of the algorithm are analysed. 

.1. Motivation 

Currently, many 2DLPP algorithm versions [19] have been pro- 

osed to overcome the limitations of the LPP algorithm. In this pa- 

er, we use a low-rank learning algorithm to improve the sensitiv- 

ty of the 2DLPP algorithm and its versions to noise and outliers 

bserved in data. The 2DLDGE [46] algorithm uses an image ma- 

rix to design the input and the MMC criterion function to mini- 

ize the difference between the intraclass scatter matrix S w 

and 

he interclass scatter matrix S b to construct the objective function: 

(P ) = min 

P 
( S w 

− S b ) (10) 

 ( P ) = min 

P 

(∑ k 1 

j=1 

∥∥Y i − Y j 
i 

∥∥2 − γ
∑ k 2 

q =1 

∥∥Y i − Y q 
i 

∥∥2 
)

= min 

P 

(∑ N 

i =1 

∑ N 

j=1 

∥∥Y i − Y j 
i 

∥∥2 
S w 

i j 

−γ
∑ N 

i =1 

∑ N 

j=1 

∥∥Y i − Y q 
i 

∥∥2 
S b iq 

)
= tr 

(
P T X ( L c � I n ) X 

T P − γ P T X 

(
L b � I n 

)
X 

T P 
)

(11) 

here γ is used to balance P T X ( L c � I n ) X T P and P T X ( L b � I n ) X T P .

 

w 

i j 
is the intraclas similarity matrix and S b 

iq 
is the interclass simi- 

arity matrix. They can be defined as follows:: 

 

w 

i j = 

{
1 , i f X i ∈ N 

+ 
K c 

(X j ) or X j ∈ N 

+ 
K c 

(X i ) 

0 , otherwise. 
(12) 

 

b 
iq = 

{
1 , X i ∈ N 

+ 
K b 

(X q ) or X q ∈ N 

+ 
K b 

(X i ) 

0 , otherwise. 
(13) 

here N 

+ 
K c 

(X i ) or N 

+ 
K c 

(X j ) is the index set of K c nearest neighbours

f X i or X j in the same class, respectively. N 

+ 
K 

(X i ) or N 

+ 
K 

(X q ) is the

b b 
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P

P

s

(

ndex set of K b nearest neighbours of X i or X q in different classes, 

espectively. 

Therefore, we propose a new algorithm to obtain low-rank ma- 

rix A . First, it is assumed that X can be divided into clean data A

nd sparse noise E, that is, X = A + E. Second, the nuclear norm is

dded to A , and the L 1 -norm is used as E. 

in 

A,E 
rank ( A ) + λ‖ 

E ‖ 1 , 

 . t . X = A + E, 
(14) 

By combining (11) with (14), we have: 

in 

A,P,E 

∑ 

i, j,q 

∥∥Y i − Y j 
∥∥2 

2 
S w 

i j 
− γ ‖ 

Y i − Y q ‖ 

2 
2 S 

b 
iq 

+ αrank ( A ) + β‖ 

E ‖ 1 

.t.Y i = P T A i , X = A + E 
(15) 

here the balance parameters α > 0 and β > 0 . 

To find the solution, we transform the NP hard problem of 

q. (15) into the following functions: 

in 

A,P,E 

∑ 

i, j,q 

∥∥Y i − Y j 
∥∥2 

2 
S w 

i j 
− γ ‖ 

Y i − Y q ‖ 

2 
2 S 

b 
iq 

+ α‖ 

A ‖ ∗ + β‖ 

E ‖ 1 

.t.Y i = P T A i , X = A + E 
(16) 

The first term in Eq. (16) retains the learned clean data neigh- 

ourhood and projects it into a new subspace. The second term 

uarantees the low-rank matrix, which can be recovered from 

oisy data. The third term ensures the noise is sparse in the data. 

.2. The objective function of LR- 2DLDGE 

First, the objective function can be separated by introducing 

uxiliary variables. Then, the alternating direction method of mul- 

iplier algorithm (ADMM) [46] is often used to advance the op- 

imization problem in Eq. (16) . Finally, the following equation is 

btained: 

in 

A,E,P 

∑ 

i, j,q 

∥∥Y i − Y j 
∥∥2 

2 
S w 

i j 
− γ ‖ 

Y i − Y q ‖ 

2 
2 S 

b 
iq 

+ α‖ 

A ‖ ∗ + β‖ 

E ‖ 1 

.t.A = B, Y i = P T A i , X = A + E 
(17) 

For the convenience of calculation, we introduce the auxiliary 

atrix B . Using the augmented Lagrange function, Eq. (18) is ob- 

ained: 

 ( A, B, μ, P, E, M 1 , M 2 ) 

= 

∑ 

i, j,q 

∥∥Y i − Y j 
∥∥2 

2 
S w 

i j − γ ‖ 

Y i − Y q ‖ 

2 
2 S 

b 
iq + α‖ 

B ‖ ∗ + β‖ 

E ‖ 1 

+ t r 
(
M 

T 
2 ( A − B ) 

)
+ t r 

(
M 

T 
1 ( X − A − E ) 

)
+ 

μ

2 

(‖ 

A − B ‖ 

2 
F + ‖ 

X − A − E ‖ 

2 
F 

)
= 2 P T A ( L w 

� I n ) A 

T P − 2 γ P T A 

(
L b � I n 

)
A 

T P + α‖ 

B ‖ ∗ + β‖ 

E ‖ 1 

+ 

μ

2 

(∥∥∥A − B + 

M 2 

μ

∥∥∥2 

F 

+ 

∥∥∥X − A − E + 

M 1 

μ

∥∥∥2 

F 

)

− 1 

2 μ

(‖ 

M 1 ‖ 

2 
F + ‖ 

M 2 ‖ 

2 
F 

)
(18) 

here M 1 and M 2 are Lagrangian multipliers and μ > 0 is the 

enalty parameter. 

.3. Optimization 

.3.1. Fix E, A, and P, and update B 

If the variable B is updated and the values of other variables are 

xed, then the solution of variable B is as follows: 

in 

B 
α‖ 

B ‖ ∗ + 

μ

2 

∥∥∥B − A − M 2 

μ

∥∥∥2 

F 

(19) 
w

4 
Given the matrix Q ∈ R a ×q , we can obtain the solution of the 

bove equation by the singular value decomposition (SVD) thresh- 

ld operator [47,48] of matrix Q as follows: 

 = U a ×r �V r×q , � = diag ( σ1 , · · · , σr ) (20) 

here { σ1 , · · · , σr } > 0 and the rank of matrix Q is r. U a ×r and

 r×q are corresponding orthogonal column matrices. Therefore, the 

ingular value contraction operator D ς (Q ) is explicated as follows: 

 ς ( Q ) = U a ×r diag 

({ 

max 
(
0 , σ j − ζ

)
1 ≤ j≤r 

} )
V r×q , (21) 

here τ > 0 . 

heorem 1 [48] . For each matrix Q ∈ R a ×q and parameter ζ > 0 ,

he D ς (Q ) in Eq. (21) is rewritten as follows: 

 ς ( Q ) = arg min 

B 

(
ζ‖ 

B ‖ ∗ + 

1 

2 

‖ 

B − Q ‖ 

2 
F 

)
(22) 

The optimal solution of Eq. (8) is obtained by Theorem 1: 

 = D 1 
μ

(
A + 

M 2 

μ

)
= U 

1 
a ×r diag 

({
max 

(
0 , σ j −

1 

μ

)
1 ≤ j≤r 

})
V 

1 
q ×r 

(23) 

here A + [ M 2 / μ] = U 

1 
a ×r �V 1 r×q , � = diag( σ1 , · · · , σr ) . 

.3.2. Fix B, A, and P, and update E

The problem of Eq. (18) can be rewritten by updating variable 

and fixing other variable values: 

= arg min 

E 

μ

2 

∥∥∥X − A − E + 

M 1 

μ

∥∥∥2 

F 

+ β‖ 

E ‖ 1 (24) 

We use the shrinkage operator [49] to find the so- 

ution of Eq. (24) . The soft threshold operator S ε [ X] = 

ax ( | X| − ε, 0 ) .sign (X ) is defined to promote shrinkage [50] . 

inally, we obtain the solution of Eq. (24) . 

 = S β
μ

(
X − A + 

M 1 

μ

)
(25) 

.3.3. Fix B, E, and A, and update P 

We fix the value of variable P in Eq. (18) and change the value

f other variables. We obtain the following equation: 

= arg min 

P 
2 P T A ( L w 

� I n ) A 

T P − 2 γ P T A 

(
L b � I n 

)
A 

T P (26) 

We can rewrite Eq. (26) as: 

 P T A 

((
L w − L b 

)
� I 

)
A 

T P 

 2 γ P T ( X − E ) 
((

L w − L b 
)

� I n 
)
( X − E ) 

T P 
(27) 

To solve the problem, we add a constraint, as shown in the fol- 

owing equation: 

 

T ( X − E ) 
(
D 

w − D 

b 
)
( X − E ) 

T P = 1 (28) 

Finally, Eq. (27) and Eq. (28) can be rewritten as follows: 

arg min 

 

T ( X−E ) ( D w −D b ) ( X−E ) 
T P=1 

P T ( X − E ) 
((

L w − L b 
)

� I n 
)
( X − E ) 

T P (29) 

To solve Eq. (29) , we transform it into the following equation to 

olve the generalized eigenvalue problem of Eq. (30) : 

 

X − E ) 
((

L w − L b 
)

� I 
)
( X − E ) 

T P = 
( X − E ) 
(
D 

w − D 

b 
)
( X − E ) 

T P 

(30) 

here 
 is the set of eigenvalues. 
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Algorithm 1 The proposed LR-2DLDGE method 

Input: Parameter α, β , γ in Eq (15); and training set X; 

Initialization: M 1 = 0, M 2 = 0, B = 0 , E = 0 , ρ > 0. 

Repeat 

Step 1. Fixing E, A and P, update B by Eq. (23); 

Step 2. Fixing B, A and P, update E by Eq. (25); 

Step 3. Fixing E, A and B, update P by Eq. (30); 

Step 4. Fixing E, B and P, update A by Eq. (32); 

Step 5. Update parameter M 1 and M 2 as follows: 

M 1 ← μ(X − A − E) + M 1; 

M 2 ← μ(A − B) + M 2. 

Step 6. μ ← min ( max μ, ρμ) . 

Step 7. t ← t + 1; 

Until Eq.(17) is converged. 

Step 8. After many iterations, the optimal solution (B, E, A, P) is obtained. 

Output: The projection matrix P . 

Fig. 1. The flow chart of the proposed method. 
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Algorithm 2 ADMM 

Set μ > 0 , v 0 , d 0 , t = 0 ; 

Repeat 

Step 1. u t+1 ← 

arg min u g f (v ) + 

μ
2 
‖ G v t+1 − u − d t ‖ 2 2 ; 

Step 2. v t+1 ← 

arg min v f (v ) + 

μ
2 
‖ G v − u t − d t ‖ 2 2 ; 

Step 3. d t+1 ← d t − ( u t+1 − G v t+1 ) ; 

Step 4. t ← t + 1 ; 

Stopping conditions are met. 

End 
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.3.4. Fix B, E, and P, and update A 

We fix the value of variable A in Eq. (18) and change the value

f other variables. We obtain the following equation: 

= arg min 

A 
2 P T A ( L w 

� I n ) A 

T P − 2 P T A 

(
L b � I n 

)
A 

T P 

 

μ
2 

(∥∥X −
(
A + E − M 1 

μ

)∥∥2 

F 
+ 

∥∥A − B + 

M 2 

μ

∥∥2 

F 

) (31) 

We obtain the following equation to find the solution by setting 

he derivative ∂ψ 

∂A 
= 0 : 

 P P T A 

((
L w − L b 

)
� I n 

)
+ 2 μA − μ( Q 1 + Q 2 ) = 0 (32) 

here Q 1 = B − M 2 
μ and Q 2 = X − E + 

M 1 
μ . Update A by solving the

ylvester equation. 

Algorithm 1 gives the concrete steps of LR-2DLDGE . The flow 

hart of the proposed method is shown in Fig 1 . 
5 
.4. Convergence Analysis 

The convergence of the LR-2DLDGE algorithm is analysed. Us- 

ng the following structured optimization problems, we prove its 

onvergence with linear constraints: 

in 

u, v 
g ( u ) + f ( v ) , 

.t.G v = u 

(33) 

here g(u ) : R n → R and f (v ) : R m → R are convex functions. We

an obtain the augmented Lagrangian function of the above equa- 

ion as follows: 

 ( u, v , α) = g ( u ) + f ( v ) + αT ( G v − u ) + 

μ
2 ‖ 

G v − u ‖ 

2 
2 

 g ( u ) + f ( v ) μ2 ‖ 

G v − u − d ‖ 

2 
2 + constant 

(34) 

here the Lagrange multiplier is α, the penalty parameter is μ > 

 , and the parameter d = −α
u . 

Algorithm 2 introduces the algorithm steps of the ADMM, and 

heorem 2 describes the convergence of the ADMM. Unlike the 

lassical augmented Lagrangian algorithm, ADMM uses the Gauss- 

eidel algorithm [38] to minimize L ( u, v , a ) relative to u and v . 

heorem 2 [51] . If f , gare proper, closed, convex functions and G has 

ull rank, then the following conditions hold in Eq. (33) . For arbitrary 

 0 , v 0 , d 0 , and μ > 0 , if Eq. (33) has no solution, A lgorithm 2 gener-

ted the sequence { u t , v t , d t }, which converges to the solution; other-

ise, the sequences { d t }and {( u t , v t )} have at least one divergence. 

Eq. (16) is represented as an example of Eq. (34) . By setting 

heorem 2 , the convergence of Algorithm 1 can be guaranteed: 

f ( u ) = 

∥∥Y i − Y j 
∥∥2 

2 
S w 

i j − γ
∥∥Y i − Y j 

∥∥2 

2 
S b i j + α‖ 

A ‖ ∗ + β‖ 

E ‖ 1 (35) 

 ( v ) = 

∥∥Y i − Y j 
∥∥2 

2 
S w 

i j − γ
∥∥Y i − Y j 

∥∥2 

2 
S b i j + α‖ 

A ‖ ∗ + β‖ 

E ‖ 1 (36) 

here O 1 , O 2 , O 3 and V = [ 

K 

A 

E 

] , U = [ 

K 

A 

E 

] , and K = [ 
V O 1 

O 2 O 2 
] ∈ R a ×q de-

ote zero matrices. 

Therefore, Eq. (16) can be written as (34). If G = I, then Gu =
 . If the functions f and g are proper, closed, and convex, then G 

s a full column rank matrix. The convergence of Algorithm 1 is 

uaranteed when the condition of Theorem 2 is satisfied. 

.5. Computational Complexity 

The complexity of the LR-2DLDGE algorithm is mainly deter- 

ined by steps 1, 3, and 4 in the process of Algorithm 1 . The com-

lexity of step 3 is O ( t( 2 a 3 ) ) for calculating the SVD of the q × q

atrix, and the complexity of step 1 and step 4 is the same, which 

s O ( t( 2 q 3 ) ) at most in Algorithm 1 , and t is the number of itera-

ions. Therefore, the total complexity of the LR-2DLDGE algorithm 

s O ( t( 2( a 3 + q 3 ) ) ) . 
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Fig. 2. shows some images in six different databases. (a) FERET, (b) Yale, (c) COIL 100, (d) ORL, (e) AR, and (f) PolyU. 

6 
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Fig. 3. The average recognition rates (%) and corresponding different dimension changes on the FERET database 

Fig. 4. The average recognition rates (%) and corresponding different dimension changes on the Yale database 
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.6. The connections among the LPP, 2DLPP, and LR-2DLDGE 

lgorithms 

If α = β = 0 is assumed, Eq. (17) can be developed into Eq. (37) .

in 

p 

∑ 

i, j 

∥∥Y i − Y j 
∥∥2 

2 
S w 

i j − γ
∥∥Y i − Y j 

∥∥2 

2 
S b i j (37) 

If γ = 0 is assumed, Eq. (37) can be developed into Eq. (38) . 

in 

p 

∑ 

i, j 

∥∥Y i − Y j 
∥∥2 

2 
S w 

i j (38) 

If the input image is a vector, Eq. (38) is the LPP algorithm. If

he input image is a two-dimensional matrix, Eq. (38) is the 2DLPP 

lgorithm. Therefore, if α = β = 0 , the LPP algorithm and 2DLPP 

lgorithm can be regarded as special cases of the LR-2DLDGE al- 

orithm. Different from LPP and 2DLPP, the LR-2DLDGE algorithm 

liminates the noise E and projects the clean data points A learned 

nto the new subspace. Therefore, although the LR-2DLDGE algo- 
7

ithm is not disturbed by noise in the data, its measurement is 

ased on Euclidean distance. 

.7. The connections between the LR-2DLDGE, LRR, and RPCA 

lgorithms 

Next, we will analyse the relationship between the LR-2DLDGE, 

RR [33] and RPCA algorithms. If the last two terms of Eq. (17) are

etained, they are converted to the following: 

min 

,E,X= A + E 
α‖ 

A ‖ ∗ + β‖ 

E ‖ 1 , (39) 

The A = XZ and Z norms are used instead of the A norm and L 1 
s replaced to constrain the error matrix with L 2 , 1 , we obtain the 

ollowing equation: 

min 

,E,X = X Z+ E 
‖ 

Z ‖ ∗ + β‖ 

E ‖ 2 , 1 , (40) 

Therefore, Eq. (40) is the LRR algorithm. Finally, through the 

bove analysis, it is found that the special cases of the LR-2DLDGE 
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Fig. 5. The average recognition rates (%) and corresponding different dimension changes on the COIL20 database 

Fig. 6. The average recognition rates (%) and corresponding different dimension changes on the ORL database 
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lgorithm are the RPCA algorithm and LRR algorithm. If α = 1 , 

q. (39) becomes the RPCA algorithm. 

Therefore, Eq. (40) is the LRR algorithm. Finally, through the 

bove analysis, it is found that the special cases of the LR-2DLDGE 

lgorithm are the RPCA algorithm and LRR algorithm. 

The RPCA algorithm, LRR algorithm, and LR-2DLDGE algorithm 

re robust image classification algorithms based on the nuclear 

orm. The RPCA algorithm and LR-2DLDGE algorithm do not con- 

ider the embedded manifold structure information and encode 

nly the low-rank characteristics. The LR-2DLDGE algorithm pre- 

erves manifold structure information and lowers data rank. In ad- 

ition, both the RPCA algorithm and LRR algorithm are based on 

 one-dimensional vector input algorithm, which may cause struc- 

ural loss of the image information. The LR-2DLDGE algorithm can 

e directly inputted into a 2D image and retain the structural in- 

ormation of the image. 
8 
. Experimation results 

We will introduce several sets of experiments to verify the pro- 

osed LR-2DLDGE algorithm in this section. We compare the re- 

ults of the algorithms with the LPP [12,13] , 2DLPP [19] , LPP- L 1 
38] , 2DLPP- L 1 [37] , LRR [22] , 2DRLPP [21] , and NN-2DLPP[20] al-

orithms on the FERET, ORL, coil100, Yale, AR, and PolyU databases. 

he experimental results are completed with an Intel i5 CPU with 

6 GB of RAM. 

.1. Database Descriptions 

Fig. 2 shows some images in six different databases. The fol- 

owing describes six common image databases that will be used 

o evaluate the effectiveness and performance of LR-2DLDGE algo- 

ithm. 
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Fig. 7. The average recognition rates (%) and corresponding different dimension changes on the AR database 

Fig. 8. The average recognition rates (%) and corresponding different dimension changes on the PolyU palmprint database 

Fig. 9. The Friedman test of the average recognition rates (%) on the FERET database 

9
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Fig. 10. The Friedman test of the average recognition rates (%) on the Yale database 
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.1.1. FERET database 

The FERET database is a standard face database, including dif- 

erent sexes, ethnicities, and ages. It is mainly used to verify the 

iversity of face recognition algorithms. In the experiment, 200 

eople were selected, with 7 images for each person, and a total 

f 1400 images were selected, including the changes in pose, il- 

umination, and facial expression. All face images are adjusted to 

0 × 40 pixels to reduce the computational burden. 

.1.2. ORL database 

There are 40 classes, and each class includes 10 face images 

ith different expressions, postures, and illumination on the ORL 

ace database. All face images are adjusted to 56 × 46 pixels to 

educe the computational burden. 

.1.3. COIL 100 database 

The COIL 100 object database has 100 subjects, and each sub- 

ect contains 72 images. To improve the computational efficiency, 

ll original images are adjusted to 32 × 32 resolution pixels and 

onverted into grey images 

.1.4. Yale database 

The Yale face database includes 15 faces, which are used to 

how facial expression changes. In the Yale database, each class has 

1 person, for a total of 165 greyscale images, which are adjusted 

o 50 × 40 pixels to reduce the computational burden. 

.1.5. AR database 

The AR database contains 40 0 0 colour images, including 70 

en and 56 women, for a total of 126 people. These classes have 

ifferent lighting conditions, facial expressions, and occlusion. All 

ace images are adjusted to 50 × 40 pixels to reduce the computa- 

ional burden. 

.1.6. PolyU palmprint database 

PolyU contains 100 different palms, and each class has 6 im- 

ges, for a total of 600 grey images. To improve the computational 

fficiency, each image is adjusted to 64 × 64 pixels in the PolyU 

atabase. 

Experiments are carried out on different levels of random pixel 

orruptions and continuous occlusion data to test and verify the 

obustness of the algorithm, respectively. For continuous occlusion 

xperiments, we randomly add blocks of different sizes to different 

ositions of the image: 10 × 10 in the FERET, Yale, and COIL100 

atabases. The “salt & pepper” noise with a density of 0.1 was 

dded to the images of the ORL, AR, and PolyU databases for cor- 

osion experiments. 
10 
.2. Baseline and Parameter Selection 

In each experiment, we randomly choose T samples from each 

lass, each experiment is repeated 10 times, and the NN classifier 

s used for classification. Our algorithm runs on six public datasets 

nd we compare its results with other algorithms. The experimen- 

al operations of the following six databases are shown in Table 1 . 

In all experiments, we will set the maximum number of it- 

rations equal to 500 in running the low-rank correlation algo- 

ithm. The local manifold graphs of LPP, 2DLPP, LPP- L 1 , and 2DLPP- 

 1 are constructed by the k-nearest neighbours ( k = T − 1 , where

 is the training image from each class in the database), which 

re well gathered in the observation space [52] . Additionally, an 

terative algorithm is used to solve the solutions of the L 1 -norm 

lgorithms. In the LRR 2DRLPP and NN-2DLPP models, we choose 

he parameters described in their references. The three parameters 

, β , and γ in the LR-2DLDGE algorithm are selected from [0.001, 

.01, 0.1, 1, 10,100, 10 0 0]. In this study, the classification accuracy 

s used to compare the performance of different algorithms. Classi- 

cation accuracy is defined as (( N − T ) cor/( N − T )) × 100%, where

 N − T )cor is the number of test samples correctly classified by the 

earest neighbor classifier, and N − T is the total number of test 

amples. 

.3. Experiment results 

In order to verify the robustness of the LR-2DLDGE method 

o occlusion (size = 10 × 10) and noise (density = 0.1), Figs. 3 to

 show the average recognition rates (%) of all methods with 4 

ifferent values (16, 25, 36 and 49) when the images shown in 

able 1 are selected as training samples and the other images are 

elected as testing samples, respectively Figs. 4–8 . 

Figs. 3 –8 the classification recognition rates (%) of the LPP, 

DLPP, LPP-L1, 2DLPP-L1, LRR, LRMD-S, and LR-2DLDGE algorithms 

nd corresponding dimensions on the FERET, ORL, COIL 100, Yale, 

R, and PolyU databases. 

We can see from the curve changes in Fig. 3 to Fig. 8 that the

ecognition rate of the algorithm on six databases is higher than 

ther algorithms and is not affected by the change of dimension. 

In order to further verify the effectiveness of the LR-2DLDGE 

ethod proposed in this paper, we performed the Friedman test 

nd Nemenyi post hoc test on six databases. The Friedman test 

s generally used to judge whether the performance of the algo- 

ithm is exactly the same. Obviously, the performance of each algo- 

ithm is different. Therefore, we use the Nemenyi test for the post 

oc test to further demonstrate the advantages of the LR-2DLDGE 
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Table 1 

The description of six different databases 

Database Sample size in each class Dimension Class number Training size in each Class(T) 

FERET 7 1600 (40 × 40) 200 5 

Yale 11 2000 (50 × 40) 15 5 

COIL 100 72 1024(32 × 32) 20 10 

ORL 10 2576(56 × 46) 10 6 

AR 14 2000 (50 × 40) 120 6 

PolyU 6 4096(64 × 64) 100 3 

Fig. 11. The Friedman test of the average recognition rates (%) on the COIL20 database 

Fig. 12. The Friedman test of the average recognition rates (%) on the ORL database 
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lgorithm. C = q α
√ 

k (k + 1) / 6 N is the critical threshold, where k = 

 represents the number of algorithms, N = 4 represents the num- 

er of experimental dimensions, and the test level α is 0.05, so 

e can obtain q α = 3 . 031 and C = 5 . 250 . The above test compar-

son is shown in Fig. 9 to Fig. 14 , where for each algorithm, dots

epresent the mean value of the average recognition rate on differ- 

nt dimensions, and the horizontal line represents the value of the 

ritical threshold C. Fig. 10 , Fig. 11 , Fig. 12 , Fig. 13 , Fig. 14 

.4. Maximal average recognition rates 

According to the settings in Table 1 , when each class in the 

atabase randomly selects T sample points to form the training 

ample set, the highest average recognition rate (%) of each algo- 

ithm is shown in Table 2 and Table 3 . The LR-2DLDGE algorithm 

as the highest maximum average recognition rate on different 

atabases, indicating that our algorithm is robust in Table 2 and 

able 3 . 
11 
In this section, we run a set of experimental results and com- 

are them with LPP, 2DLPP, LPP-L1, 2DLPP-L1, LRR, 2DRLPP and NN- 

DLPP algorithms to evaluate the proposed LR-2DLDGE algorithm. 

.5. Convergence Study and computational time 

In the previous section, the theoretical analysis and objective 

unction of LR-2DLDGE were proven and showed to converge to 

he local optimum. The convergence of the algorithm is further il- 

ustrated by experiments on the FERET and AR databases. As the 

umber of iterations increases, the values of the objective function 

ecrease monotonically, which shows that the proposed algorithms 

re convergent in Fig. 15 (a) and (b), respectively. It can be found 

hat the proposed LR-2DLDGE can converge within 50 to 60 itera- 

ions. 

In addition, when using training samples with T = 600 from 

he PolyU palmprint database, Table 4 shows the highest average 

ecognition rate (%), corresponding dimensions and average CPU 

ime for each method. 
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Fig. 13. The Friedman test of the average recognition rates (%) on the AR database 

Fig. 14. The Friedman test of the average recognition rates (%) on the PolyU palmprint database 

Table 2 

The highest average recognition rate (%) of different algorithms on the FERET, Yale and COIL100 databases 

and corresponding dimension (D). 

Database 

algorithm 

without occlusion occlusion size = 10 × 10 

FERET Yale COIL20 FERET Yale COIL100 

LPP (%) 87.16 89.50 86.69 84.35 87.36 85.90 

(D) 25 18 20 26 20 24 

2DLPP (%) 89.28 93.11 88.35 86.76 90.55 86.86 

(D) 40 × 16 50 × 14 32 × 20 40 × 18 50 × 16 32 × 22 

LPP- L 1 (%) 89.28 93.11 88.35 82.18 85.87 81.65 

(D) 28 22 26 30 24 28 

2DLPP- L 1 (%) 85.42 88.36 84.35 83.82 87.58 82.36 

(D) 40 × 12 50 × 14 32 × 18 40 × 16 50 × 16 32 × 20 

LRR (%) 82.65 86.85 81.20 80.63 85.25 79.95 

(D) 32 16 28 36 18 32 

NN-2DLPP (%) 87.50 90.30 85.28 85.70 88.85 83.25 

(D) 18 16 14 20 20 18 

2DRLPP (%) 91.25 92.59 89.56 89.32 90.86 87.82 

(D) 40 × 18 50 × 26 32 × 20 40 × 22 50 × 30 32 × 20 

LR-2DLDGE (%) 93.76 95.26 91.45 90.16 93.68 89.28 

(D) 40 × 16 50 × 20 32 × 18 40 × 20 50 × 18 32 × 16 

D: dimension 

12 
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Table 3 

The highest average recognition rate (%) of different algorithms on the ORL, AR, and PolyU databases and corre- 

sponding dimension (D). 

Database 

algorithm 

without noise noise density = 0.1 

ORL AR PolyU ORL AR PolyU 

LPP (%) 90.31 88.93 89.08 89.65 85.43 87.75 

(D) 32 40 36 36 40 40 

2DLPP (%) 91.18 90.35 91.88 90.56 87.39 88.86 

(D) 56 × 26 50 × 24 64 × 30 56 × 30 50 × 28 64 × 36 

LPP- L 1 (%) 91.87 89.36 90.56 89.08 86.45 88.82 

(D) 36 45 38 32 45 36 

2DLPP- L 1 (%) 92.98 90.16 91.08 90.66 88.45 89.56 

(D) 56 × 20 50 × 18 64 × 24 56 × 26 50 × 22 64 × 28 

LRR (%) 87.65 82.96 83.25 85.36 80.40 82.82 

(D) 36 18 16 40 20 20 

NN-2DLPP (%) 90.18 85.40 87.32 88.90 82.28 84.88 

(D) 20 18 2 26 28 22 

2DRLPP (%) 94.15 91.96 92.84 91.65 88.20 90.45 

(D) 56 × 12 50 × 16 64 × 10 56 × 14 50 × 14 64 × 12 

LR-2DLDGE (%) 95.32 92.06 93.87 92.56 89.88 91.27 

(D) 56 × 10 50 × 12 64 × 14 56 × 16 50 × 16 64 × 12 

D: dimension 

Fig. 15. Convergence of LR-2DLDGE algorithm on the FERET and AR image database. (a) FERET. (b) AR. 

Table 4 

The highest average recognition rate (%), corresponding dimensions and average CPU time consumed for each 

method, when T = 600 training samples from the PolyU palm print database. 

PolyU algorithm LPP 2DLPP LPP- L 1 2DLPP- L 1 LRR NN-2DLPP 2DRLPP LR-2DLDGE 

noise 

den- 

sity = 0.1 

(%) 87.75 88.86 88.82 89.56 82.82 84.88 90.45 91.27 

(D) 40 64 × 36 36 64 × 28 20 22 64 × 12 64 × 12 

(S) 0.981 0.818 1.236 0.852 0.765 0.838 0.689 0.5412 

5

f

[

[

[

. Discussion 

By analyzing the above experimental results, we can draw the 

ollowing conclusions: 

1] Considering the experimental results in Figs. 3 to 8 , the aver- 

age recognition rates (%) of LR-2DLDGE are significantly higher 

than other algorithms under different dimension changes. The 

results show that the LR-2DLDGE algorithm can obtain more 

distinctive and sparse features than other algorithms, because 

we fused the discriminant information in GE and the low-rank 

properties of the data. 
13 
2] Considering the experimental results of Tables 2–3 , with the 

increase of the number of training samples, the highest av- 

erage recognition rates (%) of LR-2DLDGE are always higher 

than other algorithms. The results show that the proposed al- 

gorithm preserve the manifold structure which is more dis- 

criminative than other algorithms, which can obtain more 

discriminative information for effective feature selection and 

extraction. 

3] Considering the experimental results in Figs. 9 to 14 , the per- 

formance of each algorithm is apparently different. Therefore, 

we use the Nemenyi test for the post-hoc test to further reflect 

the advantages of the LR-2DLDGE algorithm, which can obtain 
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low-rank property of the projection and simultaneously main- 

tain the neighborhood structure of data. 

4] Considering the experimental results of the convergence of the 

LR-2DLDGE algorithm on the FERET and AR images in Fig. 15 , 

the values of the objective function decrease monotonically 

with an increasing number of iterations. From the experimental 

results in Table 4 , the average CPU time consumed by the LR- 

2DLDGE algorithm is always lower than that of the other seven 

algorithms on the PolyU palmprint database. This shows that 

our algorithm is efficient. 

. Conclusion 

This paper mainly combines the 2DLPP algorithm with low- 

ank representation learning and proposes the low-rank two- 

imensional local discriminant graph embedding (LR-2DLDGE) al- 

orithm based on low-rank sparsity and graph embedding. Local 

tructure information and low-rank representation exist simultane- 

usly in the algorithm. In addition, the algorithm makes the data 

oints as distinct as possible from different classes. In particular, 

he algorithm uses the L 1 -norm as a constraint to reduce the influ- 

nce of noise and corruption. The optimal solution of LR-2DLDGE 

lgorithm can be obtained by using the ADMM. At the same time, 

he convergence and complexity are analyzed. The experiments on 

ix public databases show that the LR-2DLDGE algorithm can ob- 

ain better recognition performance than other methods. However, 

n many applications such as contiguous occlusions, random pixel 

orruptions, noises and errors in data, the performance of the pro- 

osed algorithm faces challenges. In the future work, we will com- 

ine kernel and tensor forms to improve the discrimination ability 

nd robustness evaluation of LR-2DLDGE algorithm. Besides, pa- 

ameter selection is a trivial task. So, it is necessary to further 

tudy how to determine the optimal parameters, such as param- 

ter α, β , γ , K c and K b , and perform more tests on other large

atabases. 
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